We analyze the effects that different nuclear structure approximations associated with the short range correlations (SRC), finite nucleon size (FNS), higher order terms in the nucleon currents (HOC) and with some nuclear input parameters, have on the values of the nuclear matrix elements (NMEs) for the neutrinoless double beta (0νββ) decay. The calculations are performed with a new Shell Model(ShM) code which allows a fast computation of the two-body matrix elements of the transition operators. The treatment of SRC, FNS and HOC and the use of quenched or unquenched values for the axial vector coupling constant produces the most important effects on the NMEs values. Equivalent effects of some of these approximations are also possible, which may lead (accidentally) to close final results. We found that the cumulative effect of all these nuclear ingredients on the calculated nuclear matrix elements NMEs is significant. Since the NMEs values are often obtained with different approximations and/or with different input parameters, a convergent view point on their inclusion/neglecting and an uniformization of the calculations are needed, in order to enter in an era of precision concerning the computation of the NMEs for double beta decay.
Introduction
Neutrinoless double beta (0νββ) decay is a beyond Standard Model (SM) process by which an even-even nucleus transforms into another even-even nucleus with the emission of two electrons/positrons but no antineutrinos/neutrinos in the final states. Its discovery would clarify the question about the lepton number conservation, decide on the neutrinos character (are they distinguished from their antiparticles?) and give a hint on the scale of their absolute masses. The importance of these fundamental issues has led to extended theoretical and experimental investigations of this process. The reader can find an up-to-date information on these studies from several recent reviews [1] - [8] , which also contain therein a comprehensive list of references in the domain.
For correctly predicting neutrinoless double beta decay (DBD) lifetimes and getting information about the neutrino properties, a required ingredient is the accurate value of the NMEs. There are still important differences between the results reported in literature, hence their precise calculation continues to be an important challenge in the study of the DBD process. The NMEs are currently computed by several methods, the proton-neutron Quasi Random Phase Approximation (pnQRPA) [9] - [13] , Interacting Shell Model(ISM) [14] - [17] , Interacting Boson Approximation (IBA) [18] - [20] , Projected Hartree Fock Bogoliubov (PHFB) [21] and Energy Density Functional Method [22] (EDF) being the present most employed methods. Each of them has its own advantages and drawbacks, and these have been largely discussed in the literature (see for example [5] - [7] ).
The differences between the calculated values of the NMEs may come, on the one hand, from the specific assumptions of the methods employed, and, on the other hand, from the different nuclear ingredients and parameters involved in their calculation. Particularly, significant differences can come from the manner of inclusion of SRC and FNS effects, and of taking into account HOC including the tensor term.
Also, there is still an open question on the values of some nuclear input parameters needed in calculations, such as the axial coupling constant g A (a quenched or unquenched value), or the value of the average excited intermediate energy E used in the closure approximation. Other constants whose values may differ in different calculations are r 0 from the expression of the mean nuclear radius R = r 0 A 1/3 and the cutoff values used in the nucleon form factors, Λ V , Λ A , also induce changes in the calculated NMEs final results that can be quantized as well. Finally, an additional source of uncertainty is also the nucleon-nucleon (NN) effective interaction employed in calculations. Until now, the SRC, FNS and HOC effects have been the most studied in QRPA calculations [5] - [7] , [10] and [11] - [12] , and to a less extent in ISM [16] and IBA2 [20] calculations. At present, there is not yet a consensus among theorists concerning their results, which leads to difficulties in comparing the NMEs from literature due to the use of different nuclear ingredients and/or parameters in calculations. However, their cumulated effect on the NMEs values is important, and hence a detailed analysis performed within all of the methods is needed for a better comparison of the different results and for achieving a consensus on their use in calculations.
The NMEs calculations are performed with a new ShM code. In a previous paper [23] , we shortly presented a new, improved (fast, efficient) ShM code, which reduces substantially the computing time of calculation of the two-body matrix elements (TBMEs) of the transition operators for the 0νββ decay. It incorporates all the relevant nuclear effects. The main improvement of this code comes from a rearrangement in the TBMEs expression, which allows us to analytically perform the radial integrals (the integrals over the coordinates space), when harmonic oscillator (HO) single particle w.f. are used. Therefore, only the integration over the momentum remains to be performed numerically. We found this code to about 30 times faster than our previous code [17] , for the same calculations, and it can be of much help for investigating the quenching of the Gammow-Teller (GT) operator in ShM calculations of the NMEs. For the 2νββ decay mode, the GT operator needs to be quenched, to better describe the experimental data for beta decays and charge-exchange reactions, while for the 0νββ there is no evidence for it. Studies on this issue have been done in [24] - [25] . However, to investigate this effect in other real, more complicated cases, one needs to know the TBMEs of the bare transition operator in larger model spaces (e.g. composed by 8 to 12 major harmonic oscillator shells). When the HOC are also included, the calculations may face severe computational problems due to the very long CPU times required, and hence fast numerical codes for calculating the TBMEs are needed.
The calculation of the NMEs for the 0νββ decay of three isotopes, i.e. 48 Ca, 76 Ge, 82 Se, was performed with an improved version of our code from [23] , including the tensor part of the neutrino potential, thus, completing the inclusion of all HOC terms which appear in the expression of the neutrino potential. We analyze the effects of different nuclear ingredients such as SRC, FNS, HOC, the axial vector constant and the average excited energy used in the closure approximation, on the NMEs for 0νββ decay. We gradually introduce the nuclear structure effects, in order to see their individual and cumulative contribution to the final value of the NMEs. Also, we perform the calculations with different values of g A (quenched and unquenched), E , r 0 and cutoff parameters, to observe the errors associated with these input parameters. To provide the reader with more detailed information, we also report the values of all the M 0ν components (magnitude and sign), i.e. GT, F and tensor components.
The paper is organized as follows. In Section 2 we describe in more detail our new ShM code. In Section 3 we present our values for the NMEs, discuss the influence of the nuclear ingredients/parameters mentioned above on the results, and compare our results with other similar ones from literature. The last section is devoted to some final remarks and conclusions. Finally, in Annex, we give the analytical formulae of several quantities used in our ShM code.
Calculation of the nuclear matrix elements
In the "standard" scenario, when the 0νββ decay process occurs by exchange of light Majorana neutrinos between two nucleons inside the nucleus, and in the presence of left-handed weak interactions, the lifetime expression can be written, in a good approximation, as a product of three factors:
1)
G 0ν is the phase space factor for this decay mode, depending on the energy decay Q ββ and nuclear charge Z, m ν is the effective neutrino mass parameter depending on the first row elements U ei (i = 1, 2.3) of the neutrino mixing matrix, m e is the electron mass and M 0ν are the NMEs depending on the nuclear structure of the nuclei involved in the decay. The expression of the NMEs can be written, in general, as a sum of three components:
T are the Gamow-Teller (GT ), Fermi (F ) and tensor (T ) components, respectively. These are defined as follows:
where O α mn are transition operators (α = GT, F, T ) and the summation is over all the nucleon states.
Due to the two-body nature of the transition operator, the NMEs can be also expressed as a sum of products of two-body transition densities (TBTDs) and matrix elements of the two-body transition operators for two-particle states, shortly, two-body matrix elements (TBMEs),
where |jj ′ ; J π > represent the antisymmetrized two-particle states. Since the NN effective interaction can be treated by means of a central (single-particle) potential, the NMEs can be conveniently calculated using Moshinsky's transformations between the relative and Center of mass (CM) coordinates and the proper use of nuclear states in different coupling notations. Correspondingly, the two-body transition operators O α 12
can be expressed in a factorized form as:
where N α is a numerical factor including the coupling constants, and S α , R α and C α are operators acting on the spin, relative and CM wave functions of two-particle states, respectively. Thus, the calculation of the matrix elements of these operators can be decomposed into products of reduced matrix elements within the two subspaces [17] . The expressions of the two-body transition operators are:
The most difficult is the computation of the radial part of the two-body transition operators, which contains the neutrino potential. We will refer to this issue in more detail. The neutrino potential depends weakly on the intermediate states, and is defined by integrals of momentum carried by the virtual neutrino exchanged between the two nucleons [12] 
where R = r 0 A 1/3 fm, with r 0 = 1.2f m, ω = q 2 + m 2 ν is the neutrino energy and j i (qr) is the spherical Bessel function (i = 0, 0 and 2 for GT, F, and T components, respectively). We use the closure approximation in our calculations, and E represents the average excitation energy of the states in the intermediate odd-odd nucleus, that contribute to the decay. The expressions of h α (α = F, GT and T ) are
where m π is the pion mass, m p is the proton mass and
with (µ p − µ n ) = 4.71. The expression (2.8) includes FNS effects, while the expressions (2.9) and (2.10) include both FNS and HOC effects. The G V and G A form factors, which takes into account the finite size of the nucleons effect, are:
For the vector and axial coupling constants the majority of calculations take g V = 1 and the unquenched value g A = 1.25, while the values of the vector and axial vectors form factors are Λ V = 850MeV and Λ A = 1086MeV [1] , respectively. For computing the radial matrix elements nl|H α |n ′ l ′ we use the HO w. f. ψ nl (lr) and ψ n ′ l ′ (r) corrected by a factor [1 + f (r)], which takes into account the SRC induced by the nuclear interaction:
For the correlation function we take the functional form
where a, b and c are constants which have particular values for different parameterizations [12] , as it will be discussed in the next section. For c = 1, we get the Jastrow prescription [26] of inclusion of the SRC effects, and in this case, the a and b constants are given by the Miller-Spencer (MS) parameterization [27] . Including HOC and FNS effects, the radial matrix elements of the neutrino potentials become:
where ν is the oscillator constant.
As one can see, if all the nuclear effects are included, the calculation of the radial integrals (2.15) requires the numerical computation of two integrals, one over the coordinate space and the other over the momentum space. However, one can reduce the computation to only one integral by rearranging the expression of the radial integral in coordinate space as a sum of terms with the same power of r [23] . By this procedure, which is described in more detail in Annex, the expression of the radial matrix element for the neutrino potential can be written as follows,
where K α (m) is a sum of six integrals over momentum. The expressions for A l+l ′ +2s (nl, n ′ l ′ ) and K α (m) are given in Annex.
Numerical results and discussions
We developed a new code for computing the TBMEs necessary for the ShM calculations of the NMEs involved in 0νββ decays, based on the formalism described in the previous section. Our code can include, in a flexible manner, different nuclear effects, such as FNS, HOC and SRC introduced either by the Jastrow [27] prescription with Miller-Spencer (MS) parameterization or by coupled cluster method (CCM) with Argonne V18 and CD-Bonn [12] , [28] , [29] NN forces. The SRC parameters entering (2.14) are the same as in table II of [17] . The two-body transition densities needed to calculate the M 0ν matrix element, are computed with the code ANTOINE [30] and using the method described in [17] . For 48 Ca we use two different NN effective interactions GXPF1A [31] and KB3G [32] in the full pf shell as model space, while for 76 Ge and 82 Se we use JUN-45 [33] effective interactions in the 1p 3/2 , 0f 5/2 , 1p 1/2 , 0g 9/2 valence space (jj44). We perform the calculations within the closure approximation, with the value of the average energy E given by the formula E = 1.12A
1/2 MeV . For the other nuclear input parameters we used the values r 0 = 1.2f m and Λ V = 850MeV , Λ A = 1086MeV . Our results for the total NMEs values, M 0ν total , are presented in table 1, for the three isotopes studied, i.e. 48 Ca, 76 Ge and Se . We included gradually the nuclear effects in calculation in order to have a complete view of their influence on the NMEs. The M 0ν values, where different nuclear effects are included, are shown separately, in order to appreciate their individual and/or combined contributions. The "b"(bare) notation means the M 0ν value obtained with any nuclear effect included, while "F", H" "S" and "total" indices denote the M 0ν values obtained when FNS, HOC, SRC and all effects, respectively, are included. The set of the three values from the columns with SRC effects included refers to the particular prescriptions: (a)=Jastrow with MS parameterization (J-MS), (b)= CCM-AV18 and (c)=CCM-CDBonn type. Generally, the features associated with these nuclear effects, previously observed and discussed in literature, are confirmed by our calculations and will be discussed in the following. We remark first that the inclusion of these nuclear effects diminishes gradually the "bare" values of the NMEs. The cumulative effect of all the nuclear ingredients on M 0ν b , presented in table 1 is between 43-56% for SRC with J-MS prescription, while for the other two SRC prescriptions, CCM-AV18 and CCMCDBonn, the effect is milder, 24-31%. Thus, after 2007, when SRC were introduced by softer prescriptions, UCOM [35] and CCM [12] , there was a significant increase of the values of M 0ν total in literature. In our present calculations this increase is of about 36% for 48 Ca and 24% for 76 Ge and 82 Se. It is worth to mention that the inclusion of only SRC with J-MS produces almost the same effect on the M 0ν b value as that when all nuclear effects are included, but with SRC introduced by "softer" prescriptions, giving NMEs values which are close to the M 0ν total ones within 4% for the CCM-AV18 and 10% for CCM-CDBonn parameterizations. This is an example of possible equivalent effects of these different nuclear ingredients taken into account in calculations. However, this agreement is rather an accidental one, based on a too strong cut of the radial w.f. at short distances produced by the SRC with J-MS, and the correct prescription for calculation, agreed upon in the literature, is to properly include all the nuclear effects by softer SRC prescriptions, such as CCM or UCOM. Further, we mainly refer to the influence of the nuclear effects when SRC with CCM prescriptions are included. total , hence, their effects influence only the GT and tensor components. One can see that the tensor contributions are in the range of 4 − 9% in all cases, and this justifies to this extent, its neglecting in some of the calculations from literature. We also take this opportunity to clarify the issue on the sign of the tensor term M 0ν T . Its effective sign must be opposite to the GT one, as can be seen from table 2 and (2.2), such that its inclusion contributes to the decrease of the total value of the M 0ν . We also mention that the GT and F components have the same effective sign, hence their contributions add to M 0ν total . Besides the errors associated with the use of different approximations when taking into account of the nuclear structure effects discussed above, there are other input parameters that can influence the NMEs values. One example is the axial-vector coupling constant, g A . We mention that the majority of calculations in literature are performed using its unquenched value: 1.25. However, the most recent measurement reported a value a bit larger: 1.275 [38] . In table 2 we present the calculations performed using both the quenched value, 1.0, and the two unquenched values, 1.25 and 1.275. One observes that differences between the quenched and unquenched results are within (10−14)%, while differences between the older (1.25) and recent (1.275) unquenched values are negligible. This means that the issue of using a quenched or an unquenched value for g A in calculations, in connection to the nuclear structure effects, should be clarified, in order to eliminate the uncertainty associated to this choice, which is not negligible. Moreover, it is important to mention, that this uncertainty does not refer to the additional g 4 A multiplication factor that appears in the lifetimes formula, and which is usually considered separately. The differences in the lifetimes values associated only to this factor, amount to factors of 2.47 or 2.64, if one uses the unquenched values: 1.254 or 1.275, instead of the quenched one: 1.0.
We also estimate that the error coming from the use of the value of r 0 = 1.1f m instead of 1.2f m for this input parameter that appears in the nuclear radius formula, amounts to ∼ 7%. Also, in some calculations, different values of the cutoff parameters, that appear in the nuclear form factors, are used: 710 MeV instead of 850 MeV for Λ V and 850 MeV instead of 1086 MeV for Λ A . Performing the calculations with (710, 850) MeV pair of values for the form factors, we got differences up to 8% as compared with our results obtained with Λ V = 850 MeV, Λ A = 1086 MeV. Finally, we perform calculations, within the same approximation, with E either fixed to 10 MeV (a value often used in calculations) or derived from the formula: E = 1.12 A 1/2 MeV, and we got the largest differences between results in the case of 48 Ca, as large as ∼ 2%, that means, the results are practically insensitive to the change of < E >.
A general conclusion that comes out is that the inclusion of different nuclear effects and use of different input parameters such as those discussed above are important.
Their cumulative effect may reflect in significant differences between the NMEs values found in literature, and hence a detailed knowledge of the errors associated with their inclusion/neglecting is needed in order to adequately compare to each other.
In tables 3, 4 and 5 we show the comparison between our M 0ν values and other results from the literature. To make the comparison more relevant, we compare as much as possible results obtained in the same approximation. We indicate in parenthesis the references which we compare to. We include the results similar to ours, obtained with different nuclear methods ShM, QRPA, IBA2 and EDS, and, where possible, provided by different groups. In general, one can see a very good agreement between our results and other ones obtained with ShM-based codes. Thus, the differences between similar results performed with ISM, reported in [14] - [16] and ours are within a few percent. The comparison with results obtained with different methods is within the same limit of error, as has already been discussed in literature. For instance, the differences between our results and the [39] predicted correctly the lifetime for this decay mode, before its measurement [40] . Further, it is worth to mention that in the case of 82 Se, when the s.p. occupancies in the QRPA calculations are adjusted to the experimental ones [41] , NMEs values obtained with QRPA and ShM calculations get significantly closer [42] , within 30%. In this situation, the treatment of uncertainties induced by the use of different nuclear effects discussed in this work becomes even more important, in the attempt to bring closer the NMEs values obtained with different nuclear methods.
Conclusions
We analyze the effects of different nuclear ingredients such as SRC, FNS, HOC and nuclear input parameters such as g A , r 0 and < E >, on the NMEs for 0νββ decay. The NMEs values are obtained with a new ShM code which allows a faster computation of the TBMEs. Their computation normally requires the numerical evaluation of twodimensional integrals, one over the coordinate space and, the other, over the momentum space. In the actual version of the code we include the tensor component in the expression of the neutrino potential.
We study the effects of the nuclear ingredient by gradually including them in calculations. Their common effect is to decrease the value of the bare M 0ν . The SRC included by "softer" prescriptions than J-MS lead to a significant increase of the calculated M 0ν total in literature, which amounts up to ∼ 30%. We found that the inclusion of only SRC by J-MS produces almost the same effect on the M 0ν b value as that when all nuclear effects are included, but with SRC introduced by "softer" prescriptions, giving NMEs values which are close to the M 0ν total ones within 4% for the CCM-AV18 and 10% for CCM-CDBonn parameterizations. This agreement is a rather accidental one, but is just an example of possible equivalent effects of some of these nuclear ingredients introduced in calculations. The inclusion of HOC is important, the neglecting of these corrections results in larger values of M 0ν total with up to ∼ 20%. However, the contribution of the tensor component is of 4-9%, and justifies to this extent its neglecting in some calculations. We also mention that the effective sign of the tensor term M 0ν T must be opposite to the GT one, as can be seen from table 2 and (2.2). Its inclusion contributes to the decrease of the total value of the M 0ν , while the GT and F components give an additive contribution. We also found that the use of different NN interactions can induce differences of the order of ∼ 17% between NMEs values obtained within the same approximation.
Further, we analyze the errors associated with the use of different values of some nuclear input parameters. The differences between the M 0ν values when using a quenched or unquenched value for the axial coupling constant g A are significant, i.e. within (10 − 14)%, while differences between the older (1.25) and recent (1.275) unquenched values are negligible. This means that the issue of using a quenched or an unquenched value for g A in calculations, in connection to the nuclear structure effects, should be clarified, in order to eliminate the uncertainty associated to this choice. The use of different values of r 0 , the constant that appears in the nuclear radius formula (1.1 fm instead of 1.2 fm) give an error of ∼ 7%, while the use of different values of the cutoff parameters that appear in the nuclear form factors, give an error of ∼ 8%. Also, we find that the values of M 0ν values are not sensitive to the change of the average energy E , used in the closer approximation. We conclude that the cumulative effect of all these nuclear effects is significant, and hence a convergence on the way of using them in the computation of the NMEs for 0νββ decay is needed in order to enter in an era of precision with these calculations. Further, we compare our results with other ones from literature. For ShM-based calculations the agreement is very good (within a few percent), while the differences with the results obtained with other nuclear structure methods are within the limits that have been discussed in literature, i.e. a factor of two. However, when the s.p. occupancies in the QRPA calculations are ajusted to the experimental ones, the NMEs values calculated with QRPA and ShM calculations get close within ∼ 30%. Thus, an appropriate treatment of errors induced by the different nuclear effects and input parameters becomes even more important in the attempt to get closer values of the NMEs for the 0νββ decay, when they are calculated with different nuclear methods. Also, a convergent view point on their inclusion and an uniformization of the calculations are needed as well, in order to enter in an era of precision concerning these calculations.
Appendix A. Annex
In this section we give a more detailed description of the numerical procedure which leads to the reduction of the complexity of computation of the neutrino potentials to one Study of Nuclear Effects in the Computation of the 0νββ Decay Matrix Elements 13 numerical integration over neutrino momentum. We use the HO radial wave functions which can be expressed in terms of Laguerre associated polynomials:
where ν is the oscillator constant, N nl is the normalization constant N nl = 2 n n! (2l + 2n + 1)!! In the expressions of the integrals over the neutrino potentials, the dependence on r appears from the product of the HO wave functions, the correlation function and Bessel functions. First, one can write the product of two HO wave functions as a sum over the terms with the same power in r:
ψ nl (r)ψ n ′ l ′ (r) = Finally, the computation of the radial matrix elements requires to compute integrals of the form:
